This paper is intended to formulate the so-called production lead time problem as the problem of throughput optimization under a constraint on production lead time. A solution is provided for serial lines with Bernoulli machines and infinite buffers. Specifically, analytical formulas are derived for raw material release rates, which guarantee the desired lead time, while maximizing the throughput. Based on this solution, a method for selecting design parameters of kanban-and CONWIP-controlled systems, which ensure the desired lead time, is provided.
Production Systems Engineering ( [1] ) addresses two fundamental problems. The first one is the problem of throughput (TP) optimization. Its solution is provided by the improvability theory, i.e., TP optimization under the constraints on workforce and/or buffer capacity ( [2] ), and by bottleneck identification techniques, i.e., identification of a machine/operation that affects TP in the strongest manner ( [3] ). The second one is the problem of leanness, which is the problem of buffer capacity minimization under the constraint that TP takes a desired value. Its solution is provided by analytical formulas for the smallest buffer capacities, which are necessary and sufficient to ensure the desired TP ( [4] ).
In practice, there is another problem of critical importance -that of production lead time.
The production lead time (also referred to as "flow time", "system cycle time", "process time", "residence time", etc.) is the average time a part spends in the system, being processed and waiting for processing. Excessively long lead time (LT ) results in numerous quality, on-time delivery, and economic losses and, thus, should be avoided as much as possible. This problem is of particular importance in systems with "unlimited" buffers, where LT may also become unlimited.
The current paper is intended to formulate the production lead time problem as the problem of TP maximization under a constraint on LT and to provide its solution for serial lines with Bernoulli machines and infinite buffers. (Note that the Bernoulli reliability model implies that a machine produces a part during its cycle time with probability p and fails to do so with probability 1 − p;
as it is shown in [1] , this model is applicable to operations, where machines downtime is relatively short and commensurate with the cycle time.)
The lead time in systems with infinite buffers can be controlled in two ways: (1) by limiting in-process inventory (e.g., using kanban or CONWIP system) or (2) by limiting release rates of raw materials. While the former have been analyzed in numerous publications (see, e.g., [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] ), the latter remains practically unexplored. This paper is intended to contribute to the release rate approach and, in addition, provide a contribution to kanban and CONWIP systems. Specifically,
• we derive analytical formulas for LT as a function of the release rate and machine parameters;
• characterize achievable (i.e., feasible) sets of lead times;
• provide expressions for raw material release rates that guarantee any desired LT from the feasible set, while maximizing the throughput;
• based on the above results, offer a method for calculating the number of kanbans and the value of CONWIP that ensure a desired LT in kanban-and CONWIP-controlled systems.
Analytically, this work is based on a recursive aggregation procedure for performance evaluation of serial lines developed in [2] . In the current paper, this procedure is modified to account for infinite buffers. Since this recursive procedure provides estimates, rather than exact values of TP and work-in-process (WIP), the results obtained here are also approximate. The accuracy of these results is quantified by simulations and shown to be sufficiently high (well within 5%).
The outline of this paper is as follows: Section 2 formulates the model considered and the problems addressed. Sections 3 and 4 present the developments for Bernoulli serial lines with identical and non-identical machines, respectively. Deterministic (e.g., hourly) release is considered in Section 5, while the CONWIP and kanban systems are discussed in Section 6. Section 7 provides the conclusions and directions for future work. All proofs are given in the Appendix.
Modeling and Problem Formulation
Consider the serial line shown in Figure 2 . In other words, we model the raw material release rate by the efficiency, p 0 , of the release machine, m 0 . As mentioned above, the efficiency, p, of a Bernoulli machine is the probability to produce a part during a cycle time, while 1 − p is the probability of failing to do so. Thus, controlling 0 < p 0 < 1, one can control the release rate in the system; in this case, the occupancy of buffer b 0 represents the raw material available for production.
To formalize this modeling approach, introduce the following assumptions: (ii) While the efficiencies of the producing machines, i.e., p 1 , p 2 , . . . , p M , are fixed, the efficiency of the release machine, p 0 , is free and can be selected at will.
(iii) The discrete event model is assumed, i.e., the time is slotted with the slot duration τ; the status of the machines (up or down) is determined at the beginning of each time slot, and the state (occupancy) of the buffers is determined at the end of each time slot.
(iv) A machine is starved, if the buffer in front of it is empty; a machine is blocked if the buffer after it is full and the subsequent machine does not take the material from this buffer; m 0 is never starved; m M is never blocked.
(v) Machine failures are time-dependent, i.e., a machine can be down if it is blocked or starved.
Given the production system defined by these assumptions, the production lead time problem is formulated as follows: determine the release rate of raw material, p *
Below we provide a solution of this problem. We begin with serial lines having identical producing machines and then extend the results to non-identical machines. For both identical and non-identical machines, we derive analytical expressions for the lead time as a function of machine parameters, evaluate the set of feasible lead times and, on this basis, derive analytical expressions for release rates that ensure the desired lead time and maximize the throughput. 
Proof: See the Appendix.
Thus, LT is increasing linearly in M and tends to infinity hyperbolically as p 0 → p. To further investigate the behavior of LT as a function of the release rate and machine efficiency, introduce the following parameterizations:
Clearly, 0 < ρ < 1 is the relative workload imposed on the system by the release, and lt > 1 is the relative lead time, i.e., the lead time in units of the smallest possible lead time in the system (i.e., M). Then, (3.1) can be re-written as follows:
The accuracy of this estimate is illustrated in Table 3 .1, where lt = repetitions). Clearly, the accuracy of (3.1) is quite high: up to the relative workload 0.99, it is well within 5%. figure have a "knee" beyond which lt grows extremely fast. It is of interest to characterize "safe" and recall that the curvature, κ, of a twice differentiable function, f (x), is given by (see [19] ) 
Proof: See the Appendix. 
results in lt below the knee.
A precise characterization of the release rate that ensures the desired lead time is given next. To investigate the accuracy of estimate (4.1), introduce the notion of maximum relative workload,
.1 Consider a Bernoulli serial line defined by assumptions (i)-(v). Assume that the release machine is less efficient than the producing machines, i.e., p
and consider three lines, Using these lines, the accuracy of LT , evaluated based on the same simulation procedure as in Section 3, is characterized in Table 4 .1. Again, up to ρ max = 0.99, the accuracy remains high. 
and
For the case of M = 2, equation (4.5) takes the form 7) and, thus, the release rate is given bŷ
Lower bound approach
Expression (4.5) and the subsequent evaluation of its roots may be too involved for practical applications. Therefore, we propose the following lower bound approach that can be useful in these situations:
Given a Bernoulli line with machines defined by p 1 , p 2 , . . . , p M , introduce 9) and, along with the original line, consider an auxiliary one with identical machines defined by p min .
Using Corollaries 3.3 and 4.2, select LT d in the feasible set for both the original and auxiliary lines and calculate the corresponding release rates (p * 0 for the original line andp * 0,min for the auxiliary one). Clearly, due to the monotonicity of LT with respect to machine efficiency, 10) and, therefore,
Thus, releasing raw material in the original line according to the lower bound,p * 0,min , does not result in a lead time longer than desired. Unfortunately, however, it may result in a lower throughput, 
Deterministic Release
In some cases, random raw material release may be inconvenient in practical implementations. In such situations, results of Sections 3 and 4 can be used to define strategies for deterministic, e.g., hourly, release.
To model the hourly release, let the desired lead time be defined in minutes and denoted as LT d . Then the desired lead time in units of cycle time is given by , is defined as
where x is the largest integer not greater than x and H is the number of cycles in an hour, i.e.,
Releasing each hour the amount of raw material defined by (5.2), leads to the following in-equalities: Under this release rate, the total WIP in the system can be evaluated using either (3.11) or (4.6). In other words,
for identical machine case, (6.1)
Since under this WIP the throughput is maximized and the lead time takes the desired value LT d , the number K * in a CONWIP-controlled system should be selected as
Assuming that raw material is always available in a kanban-controlled system, similar arguments lead to the conclusion that the number of kanbans that maximizes TP under a constraint on LT also should be selected as in (6.3).
The following examples illustrate these conclusions. Thus, selecting K * using (6.3) indeed leads to an acceptable lead time performance of kanbanand CONWIP-controlled systems.
Conclusions and Future Research
This paper posed the problem of production lead time control as the problem of throughput optimization under the constraint that the lead time takes a desired value. The approach is based on limiting release rate of raw material so that the desired performance is achieved. This approach is of particular importance for small and mid-size manufacturing organizations, where neither hardware-constrained buffers nor kanban or CONWIP systems are available to limit the in-process inventory, but hourly release can be implemented relatively easily. For the case of kanban and CONWIP systems, however, this paper provided a method for calculating the number of kanbans and the value of CONWIP that ensure a desired LT .
Since this paper addressed only the case of serial lines with Bernoulli machines, future research on the lead time problem is abound. It includes 
